STRONG ANNIHILATING PAIRS FOR THE FOURIER-BESSEL 

TRANSFORM 



SAIFALLAH GHOBBER AND PHILIPPE JAMING 

Abstract. The aim of this paper is to prove two new uncertainty principles for the Fourier- 
Bessel transform (or Hankel transform). The first of these results is an extension of a 
result of Amrein-Berthier-Benedicks, it states that a non zero function / and its Fourier- 
Bessel transform J- a (f) cannot both have support of finite measure. The second result 
states that the supports of / and J- a (f) cannot both be (e, a)-thin, this extending a result 
of Shubin-Vakilian- Wolff. As a side result we prove that the dilation of a Co-function are 
linearly independent. We also extend Faris's local uncertainty principle to the Fourier-Bessel 
transform. 



1. Introduction 

The uncertainty principle is an essential restriction in Fourier analysis. Roughly speaking, 
this principle states that a function and its Fourier transform cannot be simultaneously well 
concentrated. There are numerous mathematical formulations for this principle as well as 
extensions to other transforms (e.g. Fourier type transforms on various types of Lie groups, 
other integral transforms...) and we refer to the book [9] and the surveys [8], [4] for further 
references. Our aim here is to consider uncertainty principles in which concentration is 
measured in sense of smallness of the support and when the transform under consideration 
is the Fourier-Bessel transform (also known as the Hankel transform). This transform arises 
as e.g. a generalization of the Fourier transform of a radial integrable function on Euclidean 
d-space as well as from the eigenvalues expansion of a Schrodinger operator. 

Let us now be more precise and describe our results. To do so, we need to introduce some 
notations. Throughout this paper, a will be a real number, a > —1/2. For 1 < p < +oo, we 
denote by Lq(M + ) the Banach space consisting of measurable functions / on M + equipped 
with the norm 

l/p 



/ p 



\f(x)\ p d/i a (x] 



o 



where d/j, a (x) = (2ir) a+1 x 2a+1 dx. For / E L^(M + ), the Fourier-Bessel (or Hankel) transform 
is defined by 

/•oo 

J 7 a(f)(y)= f(x)j a (27rxy)dn a (x), 
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where j a is the Bessel function given by 

? fx): Mx) 1 v ( ~ 1)n n 2w 

Ja{ ' x a ' 2 a ^ n\T(n + a + l)\2J ' 

n=0 v ; 

Note that J a is the Bessel function of the first kind and V is the gamma function. The 
function j a is even and infinitely differentiable (also entire analytic) . One may show that the 
Fourier-Bessel transform extends to an isometry on L^(R + ) i.e. 

II^(/)||li = II/IIl|- 

Uncertainty principles for the Fourier-Bessel transform have been considered in various 
places, e.g. [3, 14] for a Heisenberg type inequality or [17] for Hardy type uncertainty prin- 
ciples when concentration is measure in terms of fast decay. We will here concentrate on 
uncertainty principles where concentration is measured in terms of smallness of support. Our 
first result (Proposition 3.1) is a straightforward extension of Faris's local uncertainty prin- 
ciple to the Fourier-Bessel transform which compares the L^-norm of J- a (f) on some set E 
of finite measure to weighted norms of / (see Proposition 3.1 for details). 

Our main concern here are uncertainty principles of the following type: a function and its 
Fourier-Bessel transform cannot both have small support. In other words we are interested 
in the following adaptation of a well-known notion from Fourier analysis: 

Definition. 

Let S, £ be two measurable subsets of R + . Then 

• (S, S) is a weak annihilating pair if, supp/ C S and suppJ r Q (/) C £ implies f = 0. 

• (S, S) is called a strong annihilating pair if there exists C = C a (S, S) such that 

(i-i) II/II^<g(|I/II^(5 C ) + II^(/)II^(e c) ), 

where A c = R + \A. The constant C a (S, S) will be called the a-annihilation constant of 
(5,S). 

Of course, every strong annihilating pair is also a weak one. There are several examples 
of the Uncertainty Principle of the form (1.1) for the Euclidean Fourier transform . One 
of them is the Amrein-Berthier theorem [1] which is a quantitative version of a result due 
to Benedicks [2] showing that a pair of sets of finite measure is an annihilating pair. It is 
interesting to note that, when / £ L 2 (M. d ) the optimal estimate of C, which depends only on 
measures \Sd\ and was obtained by F. Nazarov [11] (d = 1), while in higher dimension 
the question is not fully settled unless either S or E is convex (see the second author's 
paper [10] for the best result today). Our first result will be the following adaptation of the 
Benedicks- Amrein-Berthier uncertainty principle: 

Theorem A. 

Let S, E be a pair of measurable subsets of M + with /J, a (S), //«(£) < +oo. Then the pair 
(S, X) is a strong annihilating pair. 

We will actually show a slightly stronger result, namely that a pair of sets with finite 
Lebesgue measure is strongly annihilating. The proof of this theorem is an adaptation of the 
proof for the Euclidean Fourier transform in [1]. In [1], the fact that the Fourier transform 
intertwines translations and modulations plays a key role. This property is no longer available 
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for the Fourier-Bessel transform but we have been able to replace translations by dilations. 
As a side result, we prove that the dilates of a Co-function are linearly independent. 

Another Uncertainty Principle which is of particular interest to us is the Shubin-Vakilan- 
Wolff theorem [15, Theorem 2.1], where so called e-thin sets are considered. The natural 
notion of e-thin sets for the Fourier-Bessel transform is the following: 

Definition. 

A set S C R + will be called (e, a)-thin if, for < x < I, 

fJ, a (S Pi [x,X + 1]) < EfJ, a ([x,X+ 1]) 

and for x > 1, 





r 




1" 


x, x H — 


\ < ( 


x, x -\ — 




X 


x 



We adapt the proof of [15] to show the following theorem: 
Theorem B. 

If e is small enough and S and E are (e, a)-thin then 

\\f\\ Ll <c(\\f\\ LUsc) + \\T a (f)\\Li m ), 

where C is a constant that depends only on e and a. 

The structure of the paper is as follows: in the next section we introduce some further 
notations as well as some preliminary results. In Section 3 we prove the local Uncertainty 
Inequality for the Fourier-Bessel transform. Section 4 is devoted to the proof of our Amrein- 
Berthier-Benedicks type theorem and in Section 5 we conclude with rou Shubin-Vakilan- Wolff 
type result, Theorem B. 

2. Preliminaries 

2.1. Generalities. In this section, we will fix some notations. We will denote by |x| and 
(x, y) the usual norm and scalar product on M. d . The unit sphere of M. d is denoted by § d_1 and 
we endow it with the (non-normalized) Lebesgue measure da, that is r d ~ l dr da(£) is the polar 
decomposition of the Lebesgue measure. The Fourier transform is defined for F G L 1 (M. d ) by 

F(0= f F(x)e~ 2in{x & dx. 

Note that ||.F||2 = \\F\\ 2 and the definition of the Fourier transform is extended from F £ 
L 1 ^) n L 2 (R d ) to L 2 (R d ) in the usual way. With this normalizations, if F(x) = f(\x\) is a 
radial function on R d , then F(£) = F d / 2 -i (/)(|£|)- More generally, if F(x) = F k (\x\)H k (x), 
.fffc a spherical harmonic of degree k (so that F(r() = r k Fk{r)Hk{C), r > 0,( £ then 
the Funk-Hecke Formula leads to = ^d/2+fe-i(- F fc)(l^l)- ff ifc(C), see [16, Chapter IV.2] 
for details. 

If Sd is a measurable set in R rf , we will write \Sd\ for its Lebesgue measure. 
For a > —1/2, let us recall the Poisson representation formula 

ja(x) = 7 -— tt ttv / (1 - S 2 ) a COS SX—p^—— . 

JaK ' 2«r(« + i)r(i) 
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Therefore, j a is bounded with < ja(0) = 2°<Y{ — + 1) ' ^ S & consec l uence ' 

( 2 - 2 ) H^(/)lloo< 2ar( ^ + 1) ll/ILi- 

Here H-H^ is the usual essential supremum norm. 

From the well-known asymptotic behavior of the Bessel function, we deduce that there is 
a constant n a such that 

(2.3) |j Q (t)| < Kat-"- 1 ' 2 . 

Further, T a extends to a unitary operator on L 2 , \\T a (f) \\l 2 = II/IIl 2 • Finally, if T a {f) G 
the inverse Fourier-Bessel transform, is defined for almost every x by 



[■OO 

f(x)= F a {f)(y)j a {2nxy)&n a (y). 
Jo 



Finally, if / is an interval, I = [a, b] C M + then 3/ is the interval with same center as I 
and "triple" length, 3/ = [a — (b — a), b + (b — a)] n M + . A simple computation shows that 
the measure fi a is doubling: there exists a contant C a such that, for every interval I C M + , 

(l a {31) < C a H a (I). 

2.2. Generalized translations. Following Levitan [5], for any function / G C 2 (M + ) we 
define the generalized Bessel translation operator 

T°f(x) = u(x,y), x,yeR + , 

as a solution of the following Cauchy problem: 

d 2 2a + 1 d \ / d 2 2a + 1 d \ , 

H -r- u{x,y) = H — u(x,y), 



dx 2 x dx J ' \ dy 2 y dy / 

with initial conditions u(x,0) = f(x) and -§^u{x, 0) = 0. Here H — — — — — is the 
differential Bessel operator. The solution of this Cauchy problem can be written out in 
explicit form: 

(2.4) T-(f)(y) = JL ( " + l 1 ) /9 . f(Vx 2 + y 2 -2xycos9)( S m8) 2a d9. 

Vvrl [a + 1/2) J 

By formula (2.4), the operator T" can be extended to all functions / G La(IR + ). 
The operator T® can be also written by the formula 



T:(f)(y)= / f(t)W(x,y,t)dfi a (t), 
Jo 

where W(x, y, t) dfj, a (t) is a probability measure and W(x,y,t) is defined by 

'2~ 3c T(a + i) A(x,y,t) 2a - 1 



W{x,y,t) 

where 



if \x — y| < t < x + y 



0Fr (a + ±) (xyt) 2a 
otherwise 

A(x, y ,t) = ((x + y ) 2 -t 2 ) 1/2 (t 2 -(x- y ) 2 ) 1/2 
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is the area of the triangle with side length x, y, t. Thus for reasonable functions /, g, we have 

/'OO roo 

(2-5) / f(y)T«(g)(y)dv a (y)= g(y)T^(f)(y) d^ a (y). 

Jo Jo 

Further, W(x,y,t) d/j, a (t) is a probability measure, so that for p > 1, |T"/| P < T"|/| p thus 

\\ T xf\\L p a (R+) ^ II/IIlS(K+)- 

The Bessel convolution / * a g of two reasonable functions /, g is defined by 



f* a g(x)= / f(t)T«(g)(t)dn a (t). 
Jo 



Then (2.5) reads / * a g = g * a f. It is also well known that for A > 0, T"j a (A.)(y) = 
ja(^x)j a (Xy). Therefore, 

T a (T?f)(y)=j a (2Trxy)T a (f)(y) 

and 

Fa(f *a g){x) = F a {f){x)F a (g)(x). 

Note also that if / is supported in [0, b] then T x f is supported in [0, b + x]. 

2.3. Linear independence of dilates. In this section we will prove that the dilation of a 
Co-function are linearly independent, this result may be of independent interest and plays a 
key role in the proof of Theorem 4.3. Let us first introduce the dilation operator 5\, A > 0, 
defined by: 

It is interest to notice that F a 5\ = SiTa- 

We may now prove the following lemma which is inspired by a similar result in [6] for 
translations. 

Lemma 2.1. 

Any nonzero continuous function on [0, +oo) such that lim x ^ +00 f(x) = has linearly inde- 
pendent dilates. 

Proof. Suppose that there are some distinct elements Ai,--- , A n 6 ]R + \{0} and scalars 
ci , ■ ■ ■ , c n £ C satisfying 

(2.6) S>'(£H' 

Assume towards a contradiction that one of the scalars is non-zero. Write x = e s and 
-L = e^ k with fij,,s 6 E. Then Equation (2.6) is equivalent to 

n 

(2.7) c ^k + s) = 0, 

k=l 

where g(x) = f(e x ) is a continuous bounded function on E and \im x ^ +OQ g(x) = 0. We will 
denote by g the distributional Fourier transform of g. Note that, as g is bounded, g is a 
distribution of order 0. 
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The distributional Fourier transform of equation (2.7) implies 

n 

As ^2 Cfce 2mMfcS is an entire function, its zero set is discrete, therefore g has a discrete support. 

k=l 

Assume sq £ supp 5, and let rj > be such that ]sq — rj, so + ?/[nsuppg = {s }. Let ip G C°°(R) 
with support in ]sq — rj, so + 77 [ and such that 93 = 1 on ]so — rj/2, so + rj/2[. Then gp is a 
distribution of order such that suppgc^ = {sq}. It follows that gp = c5 S0 for some c 6 C. 
But then g * (p = ce 2l7TSot , where </3 is the inverse Fourier transform of <p. As Cp G <S(M), one 
easily checks that lim t ^ +00 = implies that lim x _ > ._|_ 00 g * </5>(x) = 0, thus c = 0. It follows 
that supp 5 = which implies / = 0. □ 

3. Local Uncertainty Inequalities 

Heisenberg's inequality for the Fourier-Bessel transform has been established in [14] as 
follows: 

llx/ii^iizj^/)!^ >(« + 1)||/||^. 

It says that if / is highly localized, then F a {f) cannot be concentrated near a single point, 
but it does not preclude T a (f) from being concentrated in a small neighborhood or more 
widely separated points. In fact, the latter phenomenon cannot occur either, and it is the 
object of local uncertainty inequality to make this precise. The first such inequalities for 
the Fourier transform were obtained by Faris [7], and they were subsequently sharpened and 
generalized by Price [12, 13]. The corresponding result for the Fourier-Bessel transform is 
given in the following proposition: 

Proposition 3.1. 

(1) If < s < a + 1, there is a constant K = K(s,a) such that for every f G I? a 
and every measurable set E C R + of finite measure ^ a {E) < +oo ; 



(3-8) \\^M)\\lI(e) < K[^(E)]^\\x s f\\ L2a , 

(2) If s > a + 1, there is a constant K' = K'(s, a) such that for every f G L^(IR + ) and 
every measurable set E C M + of finite measure fJ, a (E) < +00, 

(3-9) \\^{f)\\ Ll{E) < K^ a {Efl 2 \\f\^-^\\x s f\\^. 

Proof. As for the first part take r > and let Xr = X{x-. o<x<r} an( i Xr = 1 — Xr- We may 
then write 

W^MlWhUE) = W^MXeW^ < \\F a {fXr)XE\\ L l + \\FMXr)XE\\ L 2 a , 

hence, it follows from PlancherePs Theorem that 

\\W)\\ Ll(E) < ^(E^WTMXr)^ + WfXrhl- 
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Now 



7r (a+l)/2 



' <lloo - 



2 a T(a + 1) 



ll/Xr|| L i < 



\ x Xr £2 

a 1*711 



« ~ 2°T(a + 1) 



a+l— s II _s . 



with a a = — = 

V2 a (a + i- s )r(a + r 



. On the other hand, 



so that 



WfXr\\ L 2 < h "Xr\U\ Xa fhl=r VfWv, 



\W)\\ Ll(E) < (r- s + a a r^-^ a (Ef/ 2 )\\x s f\\ Ll . 



The desired result is obtained by minimizing the right hand side of that inequality over r > 0. 
As for the second part we write 

\\r*{f)\\l l{E) < ^(E)\\T a (f)\L < (2a rff 1))2 ll/ll^- 



Moreover 



2 



/ poo \ ^ 

/ (i+x 2s ) 1/2 \m\(i+x 2s r 1/2 d^ a (x)j , 

by the Cauchy-Schwartz inequality, we have 

<w*n ( r {1+x is mx)l 2 dfXa{x 

Jo 



< 



o 1 + x 2s 
00 dfi a (x) 







I + x 2s I H./ IIL2 + ||x S /IIl2 

Replacing f(x) by f(rx), r > 0, in the last inequality gives 



« - \J i + x 2s y 



the desired result is obtained by minimizing the right hand side of that inequality over r > 0. 
An easy computation shows that this proof gives 

a + l 



K(s,a) = 



a + l 



a a (a + 1 — s) 



and K'(s, a) 



2«r(a + l) 



a + 



a + 1 — s 

/ s \ f°° c 



dfi a (x) 



+ x 



2.s 



1/2 



□ 



4. Pairs of sets of finite measure are strongly annihilating 

In this section we will show that, if S and X have finite measure, then the pair (5, S) 
is strongly annihilating. Before proving the general case, let us first notice that if a is a 
positive half-integer, this can be obtained by transferring the result for the Euclidean Fourier 
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transform established in [10] ([11] for d = 1). Indeed there exists Cd such that,for Sd, X^ C M d 
of finite Lebesgue measure, and F G L 2 (R d ), 

(4-10) \\F\\l*(r*) < c d e c ^ s ^{\\F\\ L2{SCd) + ||F|| i2(ss) ). 

If we define S and X as 

S d = {x G R d : \x\ G S} and X d = {x G R d : \x\ G X}, 
then for every function / G L^ 2 _ 1 (R+), there exists c such that 

( 4 -n) ii/u^ * - c ^- l(5) ^- l(s) (ii/ii^ /2 _ l(S c) + ll^ /2 -i(/)IL, /2 _ i(sc) ). 

Remark. It is conjectured that the constant c d e Cd ^ Sd ^ d ^ in (4.10) may be replaced by 

Cde Cd(\S d \\^d\) 1/d even w hen Sd,T,d are not radial sets. 

We will now consider the general case where a > —1/2. We will still show that if S and 
X have finite measure then the pair (S, X) is strongly annihilating. Unfortunately a precise 
estimate like (4.11) still eludes us unless ^ a (S)^ Q (X) is small enough (see Lemma 4.2). In 
order to prove that the pair (S, X) is strongly annihilating, we will use an abstract result for 
[9, 1. 1.1. A, page 88], for which we need the following notations. 

We consider a pair of orthogonal projections on (M + ) defined by 

Esf = Xsf, F*{Fnf) = xMf), 
where S and X are measurable subsets of M + . 
Lemma 4.1. 

Let S and X be a measurable subsets of M + . Then the following assertions are equivalent: 

(1) \\FvE s \\ < 1; 

(2) There exists a constant D(S, X) such that for all f G L^(R + ) supported in S 

||/|| l2q <£(S,£)||F S c/|| l| ; 

(3) (S, X) is a strongly annihilating pair i.e. : there exists a constant C(S,T,) such that 
for all f G Ll{R+) 

\\f\\ Ll <C{S^)(\\ 

Moreover one may take D(S, X) = (l - \\FeE s \\) * and C(S, X) = 1 + D(S, X). 

Proof. For sake of completeness let us recall the proof of (1) =^ (2) =^ (3), which is the only 
fact needed in this paper. 

Suppose / is supported in S. Then 

11^/11 = WFvEsfWKWFvEsWWfW^. 

It follows that 

\\Fxcf\\ Ll > \\f\\ L g ~ \\Fvf\\ Ll > (l - \\F S E S \\) \\f\\ Ll . 
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Hence, if ||-Fe-Es|| < 1, then 

\\f\\ Ll < (i-||Fe^||)~Ve c /II L 2. 

Let us now show the second implication . Let / G L^(R + ), then 
H/11^2 < \\E s f\\ Ll + \\E S cf\\ Ll 

< D(S,X)\\FxcEsf\\ Ll + \\E S cf\\ Ll 

= D(S,Z)\\FMf ~ E S cf)\\ Ll + \\E S cf\\ Ll 

< D(5,E)||F S c/|| L| + D(S,-E)\\F 1 ;cEscf\\ Ll + \\E S of\\ Ll . 

Since WF^Es^ f\\ L 2 < ||-E5c/|| L2 , we obtain 

(4-12) ||/|| L , < (l + D(S, £)) (\\E S cf\\ Ll + \\F^f\\ Ll ) , 

as claimed. □ 

Unfortunately, showing that ||-Fe-Es|| < 1 is in general difficult. However, the Hilbert- 
Schmidt norm is mush easier to compute. In our case, we have the following lemma: 

Lemma 4.2. 

Let S and £ be a pair of measurable subsets of R + with finite Lebesgue measure. Then 

\\FzEs\\ HS < W2vr|<S|£| 

where numerical constant that depends only on a given by (2.3). 

In particular, if \S\T\ < k~ 2 , then for any f G L 2 1 



(413) "»« £ ^mm j O'^+'i^)- 

Proof The second part of the lemma follows immediately from the fact that H-Fe-EsH < 
\\ExE s \\ HS . 

Since |S| < +oo it follows from (2.3) that, for every x > 0, ja(2iTX-)xT, & L^(M. + ). A 
straightforward computation shows that Fy.Es is an integral operator with kernel 

(4.14) N(x,y) = T a (xxja(2irx-)y y ) X s(x). 

From PlanchereFs theorem, we deduce that 

\\FsEs\\ 2 HS = \ Xs ^ yJ Q l jr «(xsiQ(27rx-))(y)| 2 d^ Q (y)J dfi a (x) 

rco / roc \ 

= J \xs(x)\ 2 Ij \xY,(y)\ 2 \ja(2TTxy)\ 2 dn a (y)jdfi a (x) 

f'OO POO 

= (2vr) 2Q+2 / / X s(x)xx(y)\U2Trxy)\ 2 (xy) 2a+1 axdy 
Jo Jo 

< i™l\s\\n 

using (2.3). □ 
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Let us now be more general, set a > — 1/2 and S, S two measurable subsets of finite 
measure. 

Theorem 4.3. 

Let S,Y* be a pair of measurable subsets o/M + with < |S| < +oo. Then the pair (S, E) 
is a strong annihilating pair. 

Remark. Let S be a measurable subset of M + . Using Holder's inequality one easily shows 
that, for every e > there is a constant C = C(a,e) depending only on a and e such that 
the Lebesgue measure |5| satisfies 



(4.15) \S\ < l + C £f i a (S)^ +£ . 

In particular, Theorem A from the introduction follows directly from Theorem 4.3. 

Note that the proof below will not give any estimate on the a-annihilation constant of 

Proof. According to [9, 1. 1.3. 2. A, page 90], if F^Es is compact (in particular if F^Es is 
Hilbert- Schmidt), then if (S,T,) is a weak annihilating pair, it is also a strong annihilating 
pair. Let us now show that if < |S| < +oo, then (S, £) is a weak annihilating pair. 

In order to do so, let us introduce some further notations. We will write E$ H F% for the 
orthogonal projection onto the intersection of the ranges of Es and Fz and we denote by 
ImT the range of linear operator T. 

We will need the following elementary fact on Hilbert-Schmidt operators: 

dim(Im£ 5 n ImFs) = \\E S n Fzf HS < \\Fj:Es\\ 2 hs . 
As S and E have finite measure then according to Lemma 4.2 we deduce that 

(4.16) dim(Im£ 5 n ImF s ) < \\F^E S \\ 2 HS < +oo. 

Assume towards a contradiction that there exists /o / such that Sq := supp /o and 
So := supp J a (/o) have both finite measure < |5o|, |£o| < +oo. 

Let Si be a measurable subsets of R + of finite Lebesgue measure such that So C Si. Since 
for A > 0, 

ISiUASol = ||xASo - XSi\\l2(m+) + (XAS 'XSi)l,2(R+)' 
the function A i— >■ \S± U XSq\ is continuous on (0, +oo). From this, one easily deduces that, 
there exists an infinite sequence of distinct numbers {Xj)~j^ C (0, oo) with Ao = 1, such that, 

+oo +00 j 

if we denote by S = XjSo and S = t-^q, 



|5|<2|5 |, |S|<2|S |. 
We next define = 5\ t fo, so that supp/j = Aj5o- Since F a {fi) = Sj_T a (fo), we have 

SUpp Fatfi) = JT^o. 

As suppJ r Q ,(/o) has finite measure, fo is continuous on R + and fo(x) — > when x — > 
+oo. It follows from Lemma 2.1 that (/j)^ are linearly independent vectors belonging to 
lmEs Pi ImFs, which contradicts (4.16). □ 
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Corollary 4.4. Let S, E be a pair of measurable subsets ofR + with < \S\, |E| < +oo and 
Zei S,i = {iel d : |x| G 5}, E rf = G M d : |£| G E}. T/ien ifre pair E d ) is a weaA; 
annihilating pair for the Fourier transform: if F G L 2 (R rf ) is such that suppF C Sd and 
suppF C then F = 0. 

Proof. We may write, for almost all r > 

F{rQ = Y,F k {r)r k H k {Q 

k>0 

where H k (Q is a spherical harmonic polynomial of degree k and the series converges in the 
L 2 (R d ) sense. As 

F k (r)r k H k (Q= ( F(r£)Z k (£,() dcr(£) 

with Z k the zonal polynomial of degree k, F k is supported in S. Moreover, the Funk-Hecke 
Formula gives 

fe>0 

so that J r d/2+fc-i[-^fc]( r ) is supported in E. As (S 1 , E) is annihilating for Fd/2+k-i F k = for 
all jfe, thus F = 0. □ 

Remark. We do not know whether Sd, E^ is a strong annihilating pair. Indeed, the proof 
above appealed to Fourier-Bessel transforms of various exponents. To prove that (Sd, E^) is a 
strong annihilating pair this way, we would need to prove that (S, E) is a strong annihilating 
pair for each J 7 d/2+k~i> k = 0,1, . . ., with annihilation constants Cd/2+ k -i(S, E) independent 
of k. 

Moreover, let us denote by Vd(r(,) = drda(C), r > and a G S d_1 , which should be 
compared to the Lebesgue measure r rf_1 dr da((). It is also natural to conjecture that if 
Sd, Erf C M. d are such that Vd(Sd), ^d(Erf) < +oo then (Sd, E^) is a weak annihilating pair for 
the Fourier transform. 

5. A RESULT ON 6-THIN SETS 

5.1. e-thin sets. Results in this section are inspired by the ones of Shubin-Vakilian- Wolff 
who proved in [15] that pairs of e-thin sets are strongly annihilating for the Euclidean Fourier 
transform. To be more precise, let < e < 1 and let us define p(x) = min(l, A mea- 

surable set S C M. d is said to be e-thin if, for every x G M. d , \S H B(x, p(x)) \ < e\B(x, p(x))\. 
Then 

Theorem (Shubin-Vakilian- Wolff [15, Theorem 2.1]). 
There exists Eo such that, for every < e < £o there is a constant C 
S, E C R d are e-thin, then, for every f G L 2 (R d ), 

||/|| i2(Rd) <C(||/|| L2(Sc) + ||/|| L2(sc) ). 

We will now adapt this result to the Fourier-Bessel transform. In order to do so, we first 
need to define an appropriate notion of e-thin sets for the measure (i a . We want that the 
notion which we introduce coincides with the notion of e-thin radial sets when a = d/2 — 1. 



= C(e) such that, if 
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Let us write C ri: r 2 = {x G M. d : r\ < \x\ < r 2 }. 

Now, take S = {r( : r £ So, ( £ S^ 1 } be a radial subset of M. d that is e-thin and let us 
see how the fact that S is e-thin translates on Sq. 

First, let r > 2. Let {xj}j^j be a maximal subset of C rjr+ i/ r such that \xj — Xk\ > 
min(p(xj), p{xk)) • Then the B(xj, p(xj)) cover C rjr+ i/ r . Moreover, it is easy to check that, 
if y G -B(x,p(x)) then < p(y) < Cp(x). It follows that there is a constant > 1 

such that the balls B{xj,C^ L 1 p(xj)^ are disjoint. But then 

|SnCr ir+ i/ r | < 5^|5nB(xj,p(xj))| < £ ^2\ B { x 3,P( x j))\ 

< Ke^2\B{x j ,C~ 1 p{x j )) \ < Ke\C r _ 1/2r ,r+2/r\- 
This can be rewritten in terms of Pd/2-i as 

Aid/2-1 (So n [r,r + 1/r]) < ^d/2-i([r " l/2r,r + 2/r]) < Kep d/2 ^([r - l/r,r + 1/r]) 

since the measure is doubling. 
A similar argument leads also to 

Md/2-i(5 n [r,r + 1]) < i^d/2-iQr, r + 1]) 

for r < 1, where K is a constant that depend only of a. This leads us to introduce the 
definition of (e, a)-thin sets given in the introduction. For the convenience of the reader, let 
us recall it: 

Definition. 

Let e £ (0, 1) and a > -1/2. A set S C R + is (e, a)-thin if, for < x < 1, 

p a (S fl [x,x + 1]) < ep a ([x,x + 1]) 

and for x > 2, 





r 




1" 


x, x H — 




x, x H — 






X 



We will need the following simple lemma concerning those sets: 
Lemma 5.1. 

Let e £ (0,1) and a > —1/2 and let S C R + be (e,a)-thin. Then, there is a constant C 

depending only on a such that, if a> 1 and b — a> — are such that 

a 

p a (S<l[a,b]) < Cep a ([a,b]) 

while for b > 1, 

Pa (Sn[0,b})<Cep a ([0,b]). 

Proof For a > 1, we define the sequence (aj)j>o by ao = a and a^+i = Oj H . It is easily 

seen that (dj) is increasing and aj — > +oo. Thus there exists n such that a n < b < a n+ \. 
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Note that b>a+l/a = a\ thus n > 1. Further a n+ \ = a n + l/a n <b+l/a<b + b — a thus 
/tx Q ([a,a n+ i]) < C a ^ a ([a,6]). It follows that 

n n 

fi a (SC[[a,b]) < ^2fi a (SC[[aj,a j+1 ]) <£^2fi a ([aj,a j+ i]) 

3=0 3=0 

= £fi a ([a,a n+1 ]) < C a £fi a ([a,b]). 
On the other hand, if b > 2 then b> 1 + 1/1 so that 
M a(Sn[0,6]) = /x Q (5n[0, l]) + /i Q (5n[l,6])<^a([0,l]) + C a e/ia([l,6]) < (l + Ca)£A*a([0,6]) 
according to the first part of the proof. For 1 < b < 2, 

»a(S n [0, b\) < Mq (5 n [0, 2]) < e Ma ([0, 2]) < C a e^([0, 6]) 
which gives the second part of the lemma. □ 



Remark. We will need the following computations. If r/x < x then 

Ha 



r r 
x , x H — 

x x 



px+r/x o 
= (2vr) a+1 / t 2a+1 dt < (2vr) a+1 — (x + r/x) 2a+1 

Jx—r/x % 

(5.17) < (2 3 Tr) a+1 rx 2a . 

On the other hand, for r/x > x/2 a similar computation shows that 



(5.18) 



fi a (kx + -]) <(187rr +1 (- 



Example. It should be noted that a measurable subset (e, a)-thin may not be of finite 
Lebesgue measure. 

so that |5| = +oo. Moreover if the 
1" 



Let £ e (0,1), k e N and S = |J \k,k + ^ 



fe>10 6 



constant c is large enough then S is (e, a)-thin. Indeed if 5n 
an integer A; such that x « A; and 



x, x + 



/ then there exists 



X, X + 



X 



Mc 



k,k + 



ck 



n 



X, X + 



< < £Ma 



x, x H — 
x 



if c is large enough. 



5.2. Pairs of e-thin sets are strongly annihilating. We are now in position to prove the 
following Uncertainty Principle in the spirit of [15, Theorem 2.1]. 

Theorem 5.2. 

Let a > —1/2. There exists £o such that, for every < e < £$, there exists a positive constant 
C such that if S and £ are (e, a)-thin sets in M + then for any f 6 L 2 



(5.19) 



^<G(ll/ll^(5c) + ll^a(/)||^(E=)). 
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Proof. In this proof, we construct two bounded integral operators K and L such that K+L 
/.Moreover KEs and F^L are bounded operators on L„(R + ) with 

H^sll < C ly /e, \\FzL\\ < C 2 Ve. 

From such a situation, the Uncertainty Principle can be easily derived. As 

ll^sll = \\Fx(L + K)E S \\ < \\FvL\\ + \\KE S \\, 

then 

ll^sll < (C 1 + C 2 )Ve- 

1 

(Ci ~c 2 f 



Now if e < £q = — — 7~FT\2-> us hig Lemma 4.1, we obtain the desired result 



L 2 ^ 



< 1 + 




E S cf\\ Ll + \\Fxcf\\ Ll ). 



Now we will show how to construct a pair of such operators K and L via a Littlewood- 
Paley type decomposition. To do so, we fix a real-valued Schwartz function tpo : R + — > R 
with < ipo < 1; supp^o C [0,2] and = 1 on [0, 1] and let = F a {^o)- Note that is 
also in the Schwartz class. 

Next, for j > 1 an integer, we define tpj by tpj(x) = i[)o(2~ J x) — ■ipofi'^ 1 x) so that ipj(x) = 
V>i(2-^ +1 x). Note that ||Vj|| L i = 2 2 ( Q+1 )0'- 1 ) ||<0i|| L i , ||VjlL < 1, supp^j C [2^-\ 2^' +1 ] for 

oo 

j>\ and = 1. 

j=o 

Finally, for j G N we let <j>j(x) = 2 2 ( Q + 1 ^>(2^). Thus ||^||^ = ||0|| L i, Ja(^)(6 = 

•Fa($(2- J '0, supp^ Q (^) C [0,2-? +1 ] and J" a (^-) = 1 on [0,2*]. 

Define now the operators if and L on L2(R+) in the following way: 

+oo 

(5.20) *7 = X>i(& *a /) 

3=0 

and 

+oo 

(5-21) Lf = J2W-4>j*af). 

j=0 

Note that the series in (5.20) and (5.21) converge pointwise since they have at most three 
nonvanishing terms at a given point. It is also clear that Kf + Lf = f. Further, K is given 
by an integral kernel: 



Kf(x)= / A(x,y)f(y)d f i a (y) 
Jo 



where 



(5.22) A(x,y)=J2^) T yM^)- 

j=0 
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We also have 

r+oo 

F a {Lf)(x) = B{x,y)F a {f){v)^(y) 
Jo 

where 

+00 

(5.23) B{x,y) = £ 1?r a ty 3 ){y) (l - 3 ){y)). 



Notice that 



3=0 



+00 +00 



B{x, y ) = ^r^ a (^)(y)(i-J-a(^)(y)) = J2 T x^(my)J2^ 

3=0 j=0 k>j 

+00 k—1 +00 

(5.24) = X)^(f)E 7 ?- F «(^)(f) = E^(f)^-i(f)- 

k=l j=0 k=l 

This has the same shape as A(y,x). 

The remaining of the proof consists in two lemmas. We will first show that K and L are 
bounded. This will then be used to show that 

\\KE S \\ < CiVi, \\FvL\\ < C 2 V^, 

if S and S are (e, a)-thin. 

To show that K and L are a bounded operators on L^(1R + ). It will suffice to prove the 
following lemma related to Schur's test: 

Lemma 5.3. 

The kernel A satisfies the following bounds: 

r+oo 

(5.25) sup/ \A(x,y)\dfi a (y)<C 

x Jo 

and 

r+oo 

(5.26) sup/ \A(x,y)\dn a (x)<C, 

y Jo 

where C is an absolute constant. 
The same bound holds for B. 

Proof of Lemma 5.3. Formula (5.25) follows from the fact that for a fixed x the sum in (5.22) 
contains at most three nonvanishing terms, HV'jlloo — ^ an ^ II^jIIl 1 = IHIl 1 • Therefore, 

r+oo 

sup/ \A(x,y)\dn a (y) <3\\c/)\\ Ll . 

x Jo 

Fix y and note that there are at most three values of j such that dist(y, supp ipj) < 1. Call 
this set of j's P. We have 

r+oo r+oo 

I |A(s,y)|d/i„(aO<3|M| Ll / |^(x)|.|T^(x)| dfx a (x). 

jtp Jo 



16 SAIFALLAH GHOBBER AND PHILIPPE JAMING 

Since is a Schwartz function we have 

<f>j{t) < C2 2( - a+1 ^(l + 2^)- 6 ( Q+1 ) 

and, for t > 1, 

<pj(t) < C2-^ a+1 ^ j . 
Let x > and j ^ P such that ipj(x) / 0. Since 

rx+y 



rx+y 

T£ ( f> j (x)= ^(t)W(y,x,t)d f i a (t) 

J\x-y\ 



and t > \x — y\ > 1 then 

r x+y 



rx+y 

T«4> 3 {x)\ < C2^ a+1 ^ / W(y,x,t) d» a (t) = C2~^ a+1 ^. 

J\x-y\ 

r+oo 

J2 / |^(*)|.|W*)|dM*) < C^2T<^ 



Hence 

r+oo 

1)1 W .i\\L> - 

HP JK ' i>o 
from which we deduce 

r+oo 

sup / |A(x,j/)|dMa(x)<3||^|| Ll +C^- 2{a+1)j Ui\y 
y Jo a 

which completes the proof for A. According to (5.24), A and B have the same "shape", the 
proof immediately adapts to 5. □ 

Using Schur's test, it follows that K and L are bounded operators on I? a . 
Now we will show that there are constants C±, Ci > such that 

\\KE s f\\ Ll < CiV£||/|| L * 

and 

||iW|| L 2 < C 2 V~e\\f\\ Li . 
Using again Schur's test, it will suffice to prove the following lemma: 

Lemma 5.4. 

If S and £ are (e,a)-thin sets, then 

(5.27) sup / \A(x,y)\dfi a (y)<Ce 

x JS 

and 

(5.28) sup / \B(x,y)\dn a (x) < Ce. 

y Jt. 

Proof of Lemma 5.4- By identity (5.24) it will suffice to prove (5.27). We want to estimate 



j>o Js 



\A(x,y)\d» a (y)<J2 / |^(ar)|[^(ar)|dMa(j/). 
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There are at most three values of j such that ipj(x) ^ 0, so it will suffice to prove 

(5.29) / \T^ 3 {x)\d^(y)<Ce. 

Js 

Fix x and let j be such that ipj(x) / 0. Then 2^~ l < x < 2-? +1 . We will write C for a 
constant that depends only on a and that may change from line to line. 

Let us explain the method of computation when replacing (f> by X[o,i]- Then |<^-(t)| = 
^ a+1 ^X[o,2-j](t)- Moreover 

< f \(f) j {^x 2 + y 2 - 2xy cos 6)\ (sin 6) 2a d9 
Jo 

f*7T 

< 2 2 ( a+1 ^ / X[o,2->] W x2 + y 2 - 2x v cos Q) I ( sin e ? a d0 - 

J 

Note that if 

x 2 + y 2 - 2xy cos 6 = (x - y) 2 + 4xy sin 2 (6»/2) < 2~ 2j , 

then 

\x- y\ < 2~ j and \6\ < 2~ 2{j+l \ 

Therefore 

\TMx)\ < 2 2 ( Q+1 ^' / 9 2a d6 < C2 2 ( Q+1 ^ x 2- 2 ( 2q+1 ^ +1 ) < C2" 2 ^'. 

Jo 



It follows that 

/ |2^(s)|d/i a (y) = / |T^(x)|d^(y) 
75 Jsn[i-i,i+i] 



X 7 X J 



< C2" 2a Va(5n [x - -,x + -]) < Ce2' 2aj x 2a < Ce. 

X X 



As is a Schwartz function, then 

<t>(t)< Cjv£2- fcJV X[0)2fc] (*), 

fc>0 

where A is a large integer. Then 



|T y %-(x)| <C A r2 2 ( a+1 )^2- feAr f x [0l 2*-i](V^ + ? " 2xycosfl)(sin#) 2a d#. 



fc>0 

„2 i „,2 o„.„,„„„ a „.\2 



Now, if the integral on the right hand side is non zero, then x +y — 2xy cos 6 := (x — y) + 
4:ry sin 2 ((9/2) < 2 2fc ~ 2 ^'. This implies that \x-y\< 2 k ~i i.e. y £ [x - ^, x + ^] HR + . Further, 
for k < j we also have \9\ < C2 k ~ 2 i so that 

/ X[o,2*-j] ( V^ 2 + 2/ 2 - 2xy cos 0)(sin #) 2a dfl < / 2a d0 < C2( 2a+1 K fc_:y >. 

For k > j, we will use the straightforward inequality 

X[o,2^](Vx~ 2 + y 2 - 2xycos0)(sin0) 2a d0 < C. 

J 
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It follows that 



(5.30) 



0<k<j 



-kN 



xr (x _£ )+>x+ £i(v). 



where a + = max(0, a). Note that, since 2-? 1 < x < 2 J+1 , x — ^- > as long as k < 2j — 2. 
From (5.30) we deduce that 



0<k<j 



2 k 2 k ' 
— , x H 

X x 



+C N 2 2 ( a+ Vi Y 2" 

3<k<2j-2 



-kN 



sn 



(x 



2 fc 

x 



-,X + 



2^ " 

0,x + — 

X 



+Cn2 2{<*+±)3 y 2- fcJV /xJsn 

k>2j-l ^ 

= Cat(Si + S2 + S3). 
Using (5.17), the first sum is simply estimated as follows: 

Ei < C2- 2a ^x 2a Y 2- k ( N - 2a - 2 h < cY,2- k{N - 2a - 2) e < Ce 

0<k<j k>0 

provided we take N > 2a + 2. 

For the second sum, we appeal again to (5.17) and write 

S2 < C2 (4a+2), 2-^ N -VE<CE 
j<k<2j 

provided we take N > 4a + 3, while for the last sum we use (5.18) to get 

o2(a+l)j 

S 3 < cV-tt V 2 -^2 2 ( Q+1 ) fc e < Ce. 



fc>2j 



The proof of (5.28) is similar. 

This completes the proof Theorem 5.2. 



□ 
□ 



Remark. It would be interesting to obtain more precise quantitative estimates of the con- 
stants C(S, E) in Theorems 4.3 and 5.2. In a forthcoming work, we will obtain such an 
estimate in the case S = [0, a] is an interval and E is (e, a)-thin with < e < 1 arbitrary. 
This estimate takes the form ||.FsI<Ao,a] || < /a( £ ) where / a (e) — > as e — > 0. 1 Note that this 
allows to extend Theorem 5.2 to sets S, E of the form S = Sq U 6*00, E = Eo U Eoo where 
So C [0, a], So C [0,6] and Soo C [a, +00), Eoo C [b, +00) are e-thin. 

Indeed, F^E S = F So E So + F^ oo E S() + F^ E Soo + Fz x E Soo . Now, according to Theorem 
4.3, ||F So £ s J < 1. Further, {{F^EsJ + \\F^ E S J\ < f a (e) + f b (e) -> as e -> and 



*An easy modification of the above argument also provides such an estimate for e small enough. 
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ll-fSoo-SSooll < Cy/i, according to (the proof of) Theorem 5.2. It follows that, if e is small 
enough, then H-Fe-EsH < 1 so that (S, S) is still a strong annihilating pair. 
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